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Motivation

Ratio of MiniBooNE νµ CCQE data versus a RFG simulation as a function of reconstructed muon
angle and kinetic energy. The prediction is prior to any CCQE model adjustments. The effective axial
mass extracted from the data equals Meff

A = 1.23± 0.20 GeV [1].
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Electron-nucleus interaction

e− (Ek ′ , k′)

e− (Ek , k)

γ (ω,q)

I (MA, 0)

F (EF ,pF )

Kajetan Niewczas WNG Seminar October 24th 2016 3 / 42



Electron-nucleus interaction

Initial state:
|Ψi〉 = |k, s〉e ⊗ |I〉A (1)

Final state:
|Ψf 〉 =

∣∣k′, s′〉e ⊗ |F ,pF 〉A (2)

T-matrix element:〈
Ψf

∣∣∣ i T̂
∣∣∣Ψi

〉
=

∫
d4q

e2

q2 δ
(4)
Ω (q + k ′ − k) ū(k′, s′) γµ u(k, s)

× (2π)δT (EF −MA + ω)

〈
F ,pF

∣∣∣∣∫
V

d3x e−iq·xJ µ(x)

∣∣∣∣I〉 .
(3)
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Electron-nucleus interaction

Cross section:

dσF

d3k′d3pF
=

1
4

1
Ek MAEk ′EF

α2

q4 LµνWµν (4)

Leptonic tensor:

Lµν ≡
1
2

∑
s,s′

ū(k′, s′) γµ u(k, s) ū(k, s) γν u(k′, s′) (5)
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Electron-nucleus interaction

Hadronic tensor:

Wµν =
∑
σI

〈
F ,pF

∣∣∣∣∫
V

d3x e−iq·xJ µ(x)

∣∣∣∣I〉
×
〈

I
∣∣∣∣∫

V
d3x eiq·xJ ν†(x)

∣∣∣∣F ,pF

〉
× 1

(2π)3V
δ(EF −MA − ω)

∣∣∣∣
q=k−k ′

(6)
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Electron-nucleus interaction

Inclusive cross section:
dσ =

∑
F

dσF (7)

Hadronic tensor:

Wµν =
∑
F ,σI

∫
d3pF

〈
F ,pF

∣∣∣∣∫
V

d3x e−iq·xJ µ(x)

∣∣∣∣I〉

×
〈

I
∣∣∣∣∫

V
d3x eiq·xJ ν†(x)

∣∣∣∣F ,pF

〉
× 1

(2π)3V
δ(EF −MA − ω)

∣∣∣∣
q=k−k ′

(8)
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Impulse approximation (IA)

e− (Ek ′ , k′)

e− (Ek , k)

γ (ω,q)

N (Ep,p)

N (Ep′ ,p′)
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IA
One-body current:

J µ(x) ≈
A∑

N=p,n

∑
σN′

∫
d3pN′

(2π)3
√

2EN′

d3pN

(2π)3
√

2EN

〈
N ′,pN′

∣∣jµ(x)
∣∣N,pN

〉
× a†N′(pN′) aN(pN)

∣∣∣
τN =τN′

(9)

Matrix element:〈
F ,pF

∣∣∣∣∫
V

d3x e−iq·xJ µ(x)

∣∣∣∣I〉 =

= (2π)3
A∑

N=p,n

∑
σN′

∫
d3pN′

(2π)3
√

2EN′

d3pN

(2π)3
√

2EN
δ

(3)
V (pN′ − pN − q)

×
〈
N ′,pN′

∣∣jµ(0)
∣∣N,pN

〉 〈
F ,pF

∣∣∣a†N′(pN′)aN(pN)
∣∣∣I〉

(10)
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IA

Hadronic tensor:

Wµν =
∑
F ,σI

∫
d3pF

(2π)3

V
δ(EF −MA − ω)

×
A∑

N=p,n

∑
σN′

∫
d3pN′

(2π)3
√

2EN′

d3pN

(2π)3
√

2EN
δ

(3)
V (pN′ − pN − q)

×
〈
N ′,pN′

∣∣jµ(0)
∣∣N,pN

〉 〈
F ,pF

∣∣∣a†N′(pN′)aN(pN)
∣∣∣I〉

×
A∑

M=p,n

∑
σM′

∫
d3pM′

(2π)3
√

2EM′

d3pM

(2π)3
√

2EM
δ

(3)
V (pM − pM′ + q)

×
〈

M,pM

∣∣∣jν†(0)
∣∣∣M ′,pM′

〉〈
I
∣∣∣a†M(pM)aM′(pM′)

∣∣∣F ,pF

〉
.

(11)
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Factorization

Elementary cross section:(
dσ

dΩk ′

)
∼
∣∣〈N ′,pN′

∣∣jµ(0)
∣∣N,pN

〉∣∣2 (12)

Spectral function:

P(E ,p) ∼
∣∣∣〈F ,pF

∣∣∣a†N′(pN′)aN(pN)
∣∣∣I〉∣∣∣2 (13)

Different matrix elements, hence no factorization in IA!
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Plane wave IA (PWIA)

Final state factorization:

|F ,pF 〉A → |X ,pX 〉 ⊗ |R,pR〉A−1 (14)

The inclusive cross section:

dσ =
∑
X ,R

dσX ,R, (15)

dσ
dΩk ′dEk ′

=
1

8(2π)3
Ek ′

Ek

1
MAEX ER

α2

q4 LµνWµν (16)
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PWIA

Hadronic tensor:

Wµν =
∑

X ,R,σI

∫
d3pX d3pR

(2π)3

V
δ(EF −MA − ω)

×
A∑

N=p,n

∑
σN′

∫
d3pN′

(2π)3
√

2EN′

d3pN

(2π)3
√

2EN
δ

(3)
V (pN′ − pN − q)

×
〈
N ′,pN′

∣∣jµ(0)
∣∣N,pN

〉 〈
X ,pX ; R,pR

∣∣∣a†N′(pN′)aN(pN)
∣∣∣I〉

×
A∑

M=p,n

∑
σM′

∫
d3pM′

(2π)3
√

2EM′

d3pM

(2π)3
√

2EM
δ

(3)
V (pM − pM′ + q)

×
〈

M,pM

∣∣∣jν†(0)
∣∣∣M ′,pM′

〉〈
I
∣∣∣a†M(pM)aM′(pM′)

∣∣∣X ,pX ; R,pR

〉

(17)

Kajetan Niewczas WNG Seminar October 24th 2016 13 / 42



PWIA

One-particle states annihilation:〈
X ,pX ; R,pR

∣∣∣a†N′(pN′)aN(pN)
∣∣∣I〉〈I

∣∣∣a†M(pM)aM′(pM′)
∣∣∣X ,pX ; R,pR

〉
= (2π)3

√
EXδ

(3)(pX − pN′)δX ,N′ 〈R,pR|aN(pN)|I〉

× (2π)3
√

EXδ
(3)(pX − pM′)δX ,M′

〈
I
∣∣∣a†M(pM)

∣∣∣R,pR

〉
(18)

Identification of N and M [2]:

Wµν =
1
2

∑
σX ,R

A∑
N=p,n

∫
d3pX d3p δ(EF −MA − ω) δ(3)(pX − p− q)

× 1
(2π)62EN

|〈X ,pX |jµ(0)|N,p〉|2 |〈R,−p|aN(p)|I〉|2
(19)
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PWIA

Spectral function:

PN(p,E) =
1

(2π)62EN

∑
R

|〈R,−p|aN(p)|I〉|2 δ(E −M + MA − ER) (20)

Hadronic tensor:

Wµν =
∑
σX

A∑
N=p,n

∫
d3pX d3pdE PN(p,E)

× |〈X ,pX |jµ(0)|N,p〉|2 δ(M − E − EX + ω) δ(3)(pX − p− q),

(21)
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PWIA

Elementary hadronic tensor:

ωµνN ≡
1
2

∑
σN′ ,σN

∣∣〈N ′,p′∣∣jµ(0)
∣∣N,p〉∣∣2 δ(M − E − Ep′ + ω) δ(3)(p′ − p− q)

(22)

Effective energy transfer:

ω̃ ≡ ω − B = ω + M − E −
√

p2 + M2 (23)

q̃ ≡ (ω̃,q) (24)

ωµνN =
1
2

∑
σN′ ,σN

∣∣〈N ′,p′∣∣jµ(0)
∣∣N,p〉∣∣2 δ(4)(p′ − p − q̃) (25)
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Factorized cross section

Wµν =

∫
d3p′d3pdE

(
ZPp(p,E) ωµνp + (A− Z )Pn(p,E) ωµνn

)
(26)

Integration:
dσ = dΩk ′dEk ′d3p′d3pdE ... (27)

P(p,E) : δ(...) (28)

ωµν : δ(4)(...) (29)

→ dσ = dΩk ′d3pdE ... (30)
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Factorized cross section

(
dσ

dΩk ′

)
A

=

∫
d3pdE χ

(
ZPp(p,E)

(
dσp

dΩk ′

)
+ (A− Z )Pn(p,E)

(
dσn

dΩk ′

))
(31)

Kinematical factor:

χ =
1

2(2π)3

MEp

M2
AER

(32)

Elementary cross section:(
dσN

dΩk ′

)
=

1
4

E2
k ′

E2
k

1
MEp

α2

q4 Lµνω
µν
N (33)
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J.A. Caballero et al. [3]

d5σ

dΩk ′dEk ′dΩp′
=

2α2

q4

(
Ek ′

Ek

)
|p′|MMR

MAfrec
2
∑
|M|2 (34)

where
M = jeµJ

µ
N (35)

jeµ = ūσk′ (k
′)γµuσk (k) (36)

J µN = ūσp′ (p
′)Ĵ µΨmb

b (p) (37)

Using completeness:

J µN = ūσp′ (p
′)Ĵ µuσp (p)[ūσp (p)Ψmb

b (p)] (38)

[ūσp (p)Ψmb
b (p)] ∼ αb(p) (39)
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Specific nucleon solution
Initial state factorization (mean-field):

|I〉 →
∑

b

∫
d3pb (|Rb,−pb〉 ⊗ |b,pb〉)αb(pb) (40)

Matrix element:

〈R,−p|aN(p)|I〉 =
∑

b

(2π)3
√

2EN δR,Rb δN,b αb(p) (41)

Integration:
dσ = dΩk ′dEk ′d3p′d3pdE ... (42)

P(p,E) : δ(...) (43)

ωµν : δ(4)(...) (44)

→ dσ = dΩk ′dEk ′dΩp′ ... (45)
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Specific nucleon solution

Cross section: (
dσb

dΩk ′dEk ′dΩp′

)
A

=
∑

b

χ

(
dσ

dΩk ′

)
α2

b(p) (46)

where

χ =
1

(2π)3
Ek

Ek ′

MEp|p′|
MAER

(47)
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J.A. Caballero et al. [3] - Relativistic PWIA (RPWIA)

Completeness: ∑
s

uα(p, s)ūβ(p, s)− vα(p, s)v̄β(p = δαβ (48)

Now
JµN = Jµu − Jµv (49)

where
J µu = ūσp′ (p

′)Ĵ µuσp (p)[ūσp (p)Ψmb
b (p)] (50)

[ūσp (p)Ψmb
b (p)] ∼ αb(p) (51)

and
J µv = ūσp′ (p

′)Ĵ µvσp (p)[v̄σp (p)Ψmb
b (p)] (52)

[v̄σp (p)Ψmb
b (p)] ∼ βb(p) (53)
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[ūσp (p)Ψmb
b (p)] ∼ αb(p) (51)

and
J µv = ūσp′ (p
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RWPIA

One-body current:

J µ(x) ≈
A∑

N=p,n

∑
σN′

∫
d3pN′

(2π)3
√

2EN′

d3pN

(2π)3
√

2EN

∣∣∣∣∣∣
τN =τN′

×
(〈

N ′,p′N
∣∣jµ(x)

∣∣N,pN
〉

a†N′(pN′) aN(pN)

−
〈
N ′,p′N ; N̄,pN

∣∣jµ(x)
∣∣∅〉 a†N′(pN′) b†N(pN)

)
(54)

Three components:

Wµν =Wµν +Zµν +N µν (55)
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RWPIA

Positive energy:

Wµν =
1
2

∑
σX

A∑
N=p,n

∫
d3pX d3pdE PN(p,E) |〈X ,pX |jµ(0)|N,p〉|2

× δ(M − E − EX + ω) δ(3)(pX − p− q)

(56)

where

PN(p,E) =
1

(2π)62EN

∑
R

|〈R,−p|aN(p)|I〉|2 δ(E −M + EI − ER) (57)
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RWPIA

Negative energy:

ZµνN =
1
2

∑
σX

A∑
N=p,n

∫
d3pX d3pdE NN(p,E)

∣∣〈X ,pX ; N̄,p
∣∣jµ(0)

∣∣∅〉∣∣2
× δ(M − E − EX + ω) δ(3)(pX + p− q)

(58)

where

NN(p,E) =
1

(2π)62EN

∑
R

∣∣∣〈R,p
∣∣∣b†N(p)

∣∣∣I〉∣∣∣2 δ(E −M + EI − ER) (59)
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RWPIA

Crossed:

N µν = −1
2

∑
σX ,R

A∑
N=p,n

1
(2π)62EN

∫
d3pX d3p δ(EF −MA − ω)

(2π)3

V

×
[
δ

(3)
V (pX − p− q) δ

(3)
V (pX + p− q)

× 〈X ,pX |jµ(0)|N,p〉
〈
∅
∣∣∣j†ν(0)

∣∣∣X ,pX ; N̄,p
〉

× 〈R,−p|aN(p)|I〉 〈I|bN(p)|R,p〉

+ δ
(3)
V (pX + p− q) δ

(3)
V (pX − p− q)

×
〈
X ,pX ; N̄,p

∣∣jµ(0)
∣∣∅〉 〈N,p

∣∣∣jν†(0)
∣∣∣X ,pX

〉
×
〈

R,p
∣∣∣b†N(p)

∣∣∣I〉〈I
∣∣∣a†N(p)

∣∣∣R,−p
〉]

(60)
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Specific nucleon solution

|R,p〉 →
∑

b

∫
d3pb

(
|Ib,p− pb〉 ⊗

∣∣b̄,pb
〉)
βb(pb) (61)

〈
R,p

∣∣∣b†N(p)
∣∣∣I〉 =

∑
b

(2π)3
√

2EN δI,Ib δN,b βb(p) (62)

Negative energy spectral function:

A∑
N=p,n

NN(p,E) =
∑

b

β2
b(p) δ(E −M + MA − ER) (63)
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Specific nucleon solution

Crossed term:

N µν = −
∫

d3p′d3pdE αb(0)βb(0)δ(E −M + MA − ER)

× 1
2

∑
σN′ ,σN

δ(M − E − EN′ + ω) δ(3)(p′ − q)
∣∣∣
p=0

×
[〈

N ′,p′
∣∣jµ(0)

∣∣N, 0〉 〈∅∣∣∣j†ν(0)
∣∣∣N ′,p′; N̄, 0

〉
+
〈
N ′,p′; N̄, 0

∣∣jµ(0)
∣∣∅〉 〈N, 0

∣∣∣jν†(0)
∣∣∣N ′,p′〉]

(64)
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Specific nucleon solution

Elementary hadronic tensors:

ωµν =
1
2

∑
σN′ ,σN

∣∣〈N ′,p′∣∣jµ(0)
∣∣N,p〉∣∣2 (65)

ζµν =
1
2

∑
σN′ ,σN

∣∣〈X ,pX ; N̄,p
∣∣jµ(0)

∣∣∅〉∣∣2 (66)

ηµν =
1
2

∑
σN′ ,σN

[〈
N ′,p′

∣∣jµ(0)
∣∣N, 0〉 〈∅∣∣∣j†ν(0)

∣∣∣N ′,p′; N̄, 0
〉

+
〈
N ′,p′; N̄, 0

∣∣jµ(0)
∣∣∅〉 〈N, 0

∣∣∣jν†(0)
∣∣∣N ′,p′〉] (67)
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Specific nucleon solution

Cross section:(
dσb

dΩk ′dEk ′dΩp′

)
A

= χ

[(
dσP

dΩk ′

)
α2

b(p) +

(
dσN

dΩk ′

)
β2

b(p) +

(
dσC

dΩk ′

)
αb(0)βb(0)

] (68)

where

χ =
1

(2π)3
Ek

Ek ′

MEp|p′|
MAER

(69)
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2p2h

Neglecting FSI:

dσA = dσ1p1h + dσ2p2h ∝ Lµν(Wµν
1p1h + Wµν

2p2h) (70)

One- and two-body current:

J µ(x) ≈ J µ1 (x) + J µ2 (x) (71)

Wµν
2p2h = Wµν

11 + Wµν
12 + Wµν

22 (72)

Term 11: we wish to have P1p2h

Term 12: we wish to have P2h
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2p2h

Two-body current:

J µ2 (x) =
A∑

N=p,n

A−1∑
M=p,n

∑
σN′ ,σM′

∫
d3pN′

(2π)3
√

2EN′

d3pN

(2π)3
√

2EN

×
∫

d3pM′

(2π)3
√

2EM′

d3pM

(2π)3
√

2EM

×
〈
N ′,pN′ ; M ′,pM′

∣∣jµ(x)
∣∣N,pN ; M,pM

〉
× a†N′(pN′) a†M′(pM′) aN(pN)aM(pM)

(73)
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2p2h

Wµν
22 =

∑
σX ,σY ,R,σI

∫
d3pX d3pY d3pR

(2π)3

V
δ(EF −MA − ω)

×
A∑

N=p,n

A−1∑
M=p,n

∫
d3pN

(2π)3
√

2EN

d3pM

(2π)3
√

2EM
δ

(3)
V (pX + pY − pN − pM − q)

× 〈X ,pX ; Y ,pY |jµ(0)|N,pN ; M,pM〉 〈R,pR|aN(pN)aM(pM)|I〉

×
A∑

O=p,n

A−1∑
P=p,n

∫
d3pO

(2π)3
√

2EO

d3pP

(2π)3
√

2EP
δ

(3)
V (pO + pP − pX − pY + q)

×
〈

O,pO; P,pP

∣∣∣jν†(0)
∣∣∣X ,pX ; Y ,pY

〉〈
I
∣∣∣a†P(pP)a†O(pO)

∣∣∣R,pR

〉
.

(74)
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Factorization ansatz [4]

Relative momentum distribution of a nucleon pair in isospin symmetric nuclear matter at equilibrium
density.
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Factorization ansatz [5]

Double differential cross section of the process e + C → e′ + X . The solid line shows the result of the
full calculation, while the dashed line has been obtained including the one-body current only. The
contributions arising from the two-nucleon current are illustrated by the dot-dash and dotted lines,
corresponding to the pure two-body current transition probability and to the interference term.
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One-photon exchange approximation

e− (Ek ′ , k′)

e− (Ek , k)

γ (ω,q)

N (Ep,p)

N (Ep′ ,p′)

〈
Ψf

∣∣∣ i T̂
∣∣∣Ψi

〉
= −i

∫
d4q

(2π)4

(
−igµν

q2

)
×
(
−ie

〈
k′, s′

∣∣∣∣∫
Ω

d4x e−iq·x jµ(x)

∣∣∣∣k, s〉)
×
(
−ie

〈
p′, r ′

∣∣∣∣∫
Ω

d4y eiq·yJν(y)

∣∣∣∣p, r〉)
(75)
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〈
Ψf

∣∣∣ i T̂
∣∣∣Ψi

〉
= −i

∫
d4q

(2π)4

(
−igµν

q2

)
×
(
−ie

〈
k′, s′

∣∣∣∣∫
Ω

d4x e−iq·x jµ(x)

∣∣∣∣k, s〉)
×
(
−ie

〈
p′, r ′

∣∣∣∣∫
Ω

d4y eiq·yJν(y)

∣∣∣∣p, r〉)
(75)
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Electron-nucleon interaction

General cross section formula reads

dσ =
1

2Ek 2Ep

d3k′

2(2π)3Ek ′

d3p′

2(2π)3Ep′

1
Ω

∣∣∣〈Ψf

∣∣∣ i T̂
∣∣∣Ψi

〉∣∣∣2 . (76)

Taking four-momentum eigenstates〈
Ψf

∣∣∣ i T̂
∣∣∣Ψi

〉
=

∫
d4q

(2π)4
e2

q2

× (2π)4δ
(4)
Ω (q + k ′ − k)

〈
k′, s′

∣∣jµ(0)
∣∣k, s〉

× (2π)4δ
(4)
Ω (q − p′ + p)

〈
p′, r ′

∣∣J µ(0)
∣∣p, r〉

= (2π)4 e2

q2 δ
(4)
Ω (k − k ′ − p′ + p)

×
〈
k′, s′

∣∣jµ(0)
∣∣k, s〉 〈p′, r ′∣∣J µ(0)

∣∣p, r〉 .
(77)
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Electron-nucleon interaction
The cross section reads

dσ
d3k′d3p′

=
1
4

1
Ek EpEk ′Ep′

α2

q4 LµνWµν , (78)

where the following structures have been used:
• the leptonic tensor:

Lµν ≡
1
2

∑
s,s′

〈
k′, s′

∣∣jµ(0)
∣∣k, s〉 〈k′, s′∣∣jν(0)

∣∣k, s〉∗ , (79)

• the hadronic tensor:

Wµν ≡ 1
2

∑
r ,r ′

〈
p′, r ′

∣∣J µ(0)
∣∣p, r〉 〈p′, r ′∣∣J ν(0)

∣∣p, r〉∗
× δ(4)(p′ − p − q)

∣∣∣
q=k−k ′

.

(80)
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Electron-nucleon interaction

Integrating out the delta function, one obatains

dσ
dΩk ′

=
1
4

E2
k ′

E2
k

1
E2

p

α2

q4 LµνHµν , (81)

where
Wµν = Hµνδ(4)(p′ − p − q). (82)
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Electromagnetic form factors

An effective hadronic vertex〈
p′, r ′

∣∣J µ(0)
∣∣p, r〉 = ū(p′, r ′) Γµ(q2) u(p, r), (83)

where
Γµ(q2) = γµF1(q2) +

i
2M

σµαqαF2(q2). (84)

The final result

dσ
dΩk ′

=

(
dσ

dΩk ′

)
Mott

[(
F 2

1 −
q2

4M2 F 2
2

)
− (F1 + F2)2 q2

2M2 tan2 θ

2

]
, (85)

where (
dσ

dΩk ′

)
Mott

=
α2Ek ′ cos2 θ

2

4E3
k sin4 θ

2

. (86)
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∣∣p, r〉 = ū(p′, r ′) Γµ(q2) u(p, r), (83)

where
Γµ(q2) = γµF1(q2) +

i
2M

σµαqαF2(q2). (84)

The final result

dσ
dΩk ′

=

(
dσ

dΩk ′

)
Mott

[(
F 2

1 −
q2

4M2 F 2
2

)
− (F1 + F2)2 q2

2M2 tan2 θ

2

]
, (85)

where (
dσ

dΩk ′

)
Mott

=
α2Ek ′ cos2 θ

2

4E3
k sin4 θ

2

. (86)

Kajetan Niewczas WNG Seminar October 24th 2016 42 / 42


	Title, motivation
	Electron-nucleus interaction
	2p2h
	References
	Electron-nucleon interaction

